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Abstract

Diffusion processes (e.g., Wiener process, Ornstein-Uhlenbeck process) are powerful ap-
proaches to model human information processes in a variety of psychological tasks. Lack
of mathematical tractability, however, has prevented broad applications of these models
to empirical data. This tutorial explains step by step, using a matrix approach, how to
construct these models, how to implement them on a computer, and how to calculate the
predictions made by these models. In particular, we present models for binaries choices
for unidimensional and multiattribute choice alternatives; for simple reaction time tasks;

and for three alternatives choice problems.



1 Introduction

Over the last 40 years there have been many systematic attempts to model the processes
underlying human decision making in a wide variety of psychological tasks. (for reviews
see, Luce, 1986; Townsend & Ashby, 1983). One line of thought is based on the notion
of sequential sampling according to which information in sensory or cognitive systems is
accumulated sequentially over time until a preset criterion is reached and a response is
initiated. Information in this context usually means any changes in the central nervous
system that translate perception and cognition into action (Luce, 1986; Smith, 2000).
Characteristics, both of the stimulus (e.g., intensity) and the subject (e.g., strategy), may
influence the information accumulation process.

Sequential sampling models seek to account for both response time and accuracy data. All
approaches assume that the stimuli (or choice alternatives) can be mapped onto a hypo-
thetical numerical dimension representing the instantaneous level of activation, evidence,
or preference. Further, they assume some random fluctuation of this value over time in
the course of information accumulation. Therefore, sequential sampling can be described
as a stochastic process. Two quantities are of foremost interest: (1) the probability that
the process eventually reaches one or the other boundary for the first time (the criterion
to initiate a response), called first passage probability; (2) the time it takes for the process
to reach one of the boundaries for the first time, called first passage time. The former
quantity is related to the observed relative frequencies, the latter usually to the observed
mean choice response times.

Traditionally, sequential sampling models have been applied to account for response time
and accuracy data in identification and discrimination tasks using choice response time
paradigms (e.g., Ashby, 1983; Edwards, 1965; Heath, 1981; Laming, 1968; Link & Heath,
1975; Pike, 1966; memory retrieval model, Ratcliff, 1978 ; 1981, 1986; Ratcliff & Rouder,
1998, 2000; Ratcliff, Van Zandt, & McKoon, 1999; Stone, 1960; Van Zandt, Colonius &
Proctor, 2000; Vickers, 1970; for reviews Luce, 1986; Townsend, & Ashby, 1983). They



have also been applied to classification tasks (e.g., general recognition theory, Ashby, 2000;
exemplar—based random walk models of classification, Nosofsky & Palmeri, 1997; ) and
decision making tasks ( e.g., criterion dependent choice model, Aschenbrenner, Albert, &
Schmalhofer, 1984 ; decision field theory, Busemeyer & Townsend, 1993; multiattribute
dynamic decision model, Diederich, 1996, 1997; Diederich & Busemeyer, 1999). Moreover,
it has been applied to account for observed response time patterns in detection tasks using
simple response time paradigms (e.g., Diederich, 1992, 1995; Pacut, 1980; Schwarz, 1994;
Smith, 1995). Most recently these models have been applied to multialternative decision
problems (Roe, Busemeyer & Townsend, 2001; Usher & McClelland, 2001).

However, lack of mathematical tractability has prevented broad applications of these
models to empirical data. The following tutorial shows how to construct these models,
how to implement them on a computer, and how to calculate the predictions made by these
models. We only include basic mathematics in the tutorial, derivations and additional
comments are put in the appendix. As will be shown all quantitative predictions are
calculated rather than simulated, using the Markov chain approximations. The tutorial is
organized as follows. We start with a simple numerical example and introduce the simple
random walk model. Then we show how the simple random walk can approximate the
Wiener process. Third, we introduce the Birth death chain and show how this chain can
approximate diffusion processes. As a special diffusion process we develop the Ornstein—
Uhlenbeck process. We show how to extend to multiattributive stimuli and to three
choice alternative. We only included mathematical derivations in the text when absolutely
necessary. Further details are found in the appendix. Finally, we show how to implement

the models on the computer by providing two Matlab programs.

2 Example Simple random walk

Intuitively a stochastic process is an entity that evolves randomly in time or space. In

physics or biology this entity may be particles or neural activation. We will refer to it
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as piece of information throughout this tutorial although in psychology it also has been
called activation, pieces of evidence, preference and the like.

Consider the following very simple example in the context of signal detection. Suppose a
person is trying to make a decision whether a signal or noise trial is presented, based on
the stimulus presented on a trial.

At any moment (time unit) in time, the person may sample a piece of information that
provides evidence for a signal or noise response. For this example, the probability of
sampling evidence in favor of the signal response equals 0.4; the probability of sampling
evidence favoring the noise response is 0.6. Pieces of information are coded in units of one
and minus one, and the accumulated information is labeled X for the state of the process.
Assume that information in favor of the signal is added (41) and information in favor
to the noise is subtracted (—1). Let X,, denote the amount of information accumulated
up to time unit n, n = 0,1,2,3,.... (X, is also called the value of the process at time
n.) Furthermore, assume that at the beginning of the trial no piece of information has
been sampled yet, Xy = 0, and that the sampling process stops as soon as a critical value
(state) is reached for either initiating a response in favor of the signal or in favor of the
noise. Let us assume that the critical value (state) for the signal response is 3 and for the
noise response is —3. Three possible realizations of this information accumulation process

are
(0,+1,0,—1,-2,-3) trial # 1
(0,+1,42,+1,4+2,+3) trial # 2

(0,-1,0,—1,-2,—1,—2,—3) trial # 3

In the first trial the first piece of information gives evidence for the signal and the state
changes from neutral (state 0) to a state that moderately favors the signal (state +1).
But this evidence is not sufficiently strong to decide. The next piece of information

favors noise, producing a step back to neutral. The process continues until one of the



critical values are reached, at which point the respective respond is chosen, i.e., as soon
as X, = +3 or X, = —3. In the case of trial 1, the evidence is sufficiently strong to
make a decision in favor of the noise after the 6th sample. In the second trial there was
enough information accumulated in favor of the signal after the 6th sample, in the last
trial there was sufficiently strong evidence to make a decision in favor of the noise after
the 8th sample. For the last example, the cumulative amount of information at each time
s Xg=0X1=—1Xo0=0:X5=—1 Xy = -2, Xs=—-1; X¢g = -2; Xy = —3.

This is an example of a very basic stochastic process, called a simple random walk with two
absorbing states. Tt is simple because steps (pieces of information) take only values of +1
and —1. Random walk indicates that the steps up (4+1) and down (—1) occur according
to a probability distribution, here Pr(step = +1) = 0.4 and Pr(step = —1) = 0.6. An ab-
sorbing state means that the process stops, or is absorbed as soon as it reaches this state, in
this example +3 or —3. Absorbing states are also called absorbing boundaries or absorbing
barriers. With respect to psychological applications it is called decision criterion, decision
boundary, or simply criterion. The remaining intermediate states (—2,—1,0,41,+2) are
called transient states. Eventually the state of information leaves the transient states and
is captured by one of the absorbing states. The set of all states of the process is called
the state space and is labeled S.

As we indicated at the beginning, two quantities are of foremost interest: (1) the proba-
bility that the process eventually reaches one or the other boundary for the first time (the
criterion to initiate a response), which is then related to the observed relative frequencies;
(2) the time it takes for the process to reach one of the boundaries, which is usually
related to the observed mean choice response times.

According to this simple model, the probability of choosing a signal is determined by the
probability of eventually reaching the 43 absorbing state before reaching the —3 absorbing
state. The mean time for initiating a "signal” response is simply the mean number of

steps required to reach the absorbing state for signal, given that ”signal” is chosen. Both



quantities can be computed in a simple way by using Markov Chain theory as follows.

First we construct a matrix representing all the probabilities the states. The rows of the
state matrix are organized with states —3,—2, —1,0,+1, 42, 43 represented by rows 1,
2, 3,4, 5, 6, and 7, respectively; and similarly for the columns. This matrix (the entries

within the bracket) is called transition probability matriz and labeled P.

index 1 2 3 4 5 6 7
state -3 -2 -1 0 +1 42 +3
1 -3 B 1 0 0 0 0 0 O ]
2 -2 6 0 4 0 0 0 O
P= 3 —1 o 6 04 0 0 O
4 0 o o0 6 0 4 0 0
5 +1 o 0 06 0 4 0
6 +2 o 0 0 0 6 0 A4
7 +3 o o0 0 0 0 o0 1

As we will see this matrix plays an important role for determining the predicted choice
probabilities and choice response times for all processes discussed in the following.

Each cell, p;;, of this matrix represents the probability of going from state ¢ to state j
and is called transition probability. For example, row 4 reflects the transition probabilities
from the neutral state (state 0) to either the state one step up, (to state +1 from row
4 to column 5 with probability .4); or remaining in neutral (with probability 0); or to
the state one step down (to state —1 from row 4 to column 6 with probability .6). The
remaining rows are defined in a similar manner.

For computational convenience the transition probability matrix can be rearranged ac-
cording to the transition states. The absorbing states are —3 and +3 with transition
probabilities p;; = 1 and p;7; = 1, i.e., the process is absorbed with probability 1. The

matrix containing these probabilities is labeled P;. The size of this submatrix is de-
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termined by the number of absorbing states, here a 2 x 2 matrix. The second class of
states are those that eventually lead to the absorbing states in one—step transition, here
from +2 to +3 with transition probability pe; = 0.4 and from —2 to —3 with transition
probability ps; = 0.6. The matrix containing these probabilities is labeled R. The size of
this submatrix is determined by the number of absorbing states and the number of the
transient states, here a 5 x 2 matrix. The matrix of the probabilities for the remaining
transient states is labeled Q. Its size is determined by the number of transient states,
here a 5 x 5 submatrix. Obviously, the number of transient states is the total number of

states minus the number of absorbing states.

state -3 +3 -2 -1

-3 1 0] O

+1 +2

o o o o oo
aR O o o of+-
o o o o olo
o o o o &~ |lo o
o o o kr o|lo o o
o o &= o oo
o o o o ol|lo o
=
o

Furthermore, we construct a vector, labeled Z, representing the starting position of the
process over the transient states, before the decision process begins. That is, at time ¢ = 0
the process is set in motion either by starting it at a fixed state i, called the initial state,
or by randomly locating it in the state space according to a probability distribution Z on
S, called the initial distribution. In the former case, Z is the distribution concentrated at
the state ig, i.e., Z; = 1if j =ig, Z; = 0 if 7 # ip. In the latter case, the probability is z;
that at time zero the process will be found in state ¢, where 0 < z; <1 and }_; 2;, = 1. For
example, Z = (00100) guarantees that the process starts at the neutral state (at state
0 with probability 1), as for the example above; with Z = (01000) the process starts at
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state +1, indicating a bias towards signal. In both cases the process starts at a fized state.
Setting Z = (.05.10.70.10.05) means, there is a .70 probability of starting the decision
process in the neutral state, and a .1 probability of starting in state 41, etc. In this case
we have a nitial probability distribution over all transient states.

Finally, we need to build a matrix called identity matriz, labeled I, which has ones in the
diagonal and zeros in the off diagonal. It is only for computational reasons and has the
same size (number of rows and columns) as the matrix Q. For this example, it isa 5 X 5

matrix defined as follows

-
I

=] =] =] ] —

— ) ja) o

o o o = O
o O = O O
- o O O O

o

The probability of choosing the signal response, Pr(S), and the probability of choosing

the noise noise, Pr(N), can be computed according to the matrix equation:

[Pr(N),Pr(S)]=Z-(1-Q) 'R, (2)

where (I — Q)™! is the inverse of the matrix (I - Q) and (I- Q) *(I-Q) =1

The mean number of steps required to reach the absorbing state either for signal or for
noise can be computed in a similar way. Define E(T'|S) as the mean number of time steps
required to make a choice, given that a signal response is chosen; and similarly, F(T|N)
as the mean number of time steps, given a noise response is chosen. The conditional

expected values are

[E(TIN),BE(T|S)] = [Z-(I-Q)*-R| ./ [Pr(N), Pr(S)], (3)

where (I — Q)2 indicates the matrix multiplication [(I — Q)~!- (I — Q)~!]. In this for-



mula, the numerator produces a row vector of two numbers, and the denominator is also
a row vector of two number, and the symbol ./ means elementwise division (divide the
first element in the numerator by the first in the denominator, and the second element
in the numerator by the second in the denominator). These equations can be computed
almost directly as shown using commonly available matrix language programs such as
Gauss, Matlab, Mathematica, or Proc IML in SAS.

The choice probabilities and conditional expectations for the above example are

Initial distribution Pr(S) Pr(N) E(T|S) E(T|N)
Z=(00100) 23 77T 814 814
Z=(00010) .39 .61 5.93 9.77

Z=(05.10.70.10.05) .25 .75  7.26 7.77

In the above formulas, there is nothing special about the particular probabilities, and
any transition probabilities may be substituted. Also, there is nothing special about
the number of transient states, and the same formula applies with an arbitrary number
of transient states. Finally, as we have seen there is nothing special about the initial

probability vector, and any distribution is permitted.

3 Wiener process
Consider the simple random walk again. The state space of the process is
S={-0,...,-2,-1,0,+1,+2,...,4+0},

where 6 denotes the absorbing states (the decision criteria). The parameter set (time
space) is {0,1,2,3,...}. Now suppose we have a time interval [0,¢] and divide this into
subintervals of length 7 so that we have ¢/7 such subintervals. That is, the process makes

a step at 7,27, 37,.... Further, instead of steps up and down of unit magnitude assume
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that the size of the steps is either +A or —A with probability .5 that the move is up or

down. The state space is now
S ={-kA,...,=2A,—=A0,+A,+2A, ..., +kA},

where 6 = kKA and —0 = —kA, and k equals the number of steps to reach the criterion
from the neutral starting point. The amount of information accumulated at time ¢ (the
value of the process at time t) is a random walk which has executed ¢/7 steps. This
depends obviously on the choice of A and 7 which can get smaller and smaller. Setting
A = /7 ! and letting 7 approach 0 the random walk model converges to a process called
the standard® Wiener process which has continuous time set and continuous state space
and we will label it W (¢). Processes with continuous time set and continuous state space
are called diffusion processes and the standard Wiener process is the simplest diffusion
process.

For example, suppose that we have the same criteria (absorbing states) as before, i.e.
0 = +3 for a signal response and —f = —3 for a noise response. Further, assume that
the step size is now A = .5, and therefore £ = 3/.5 = 6. The state space becomes
S ={-6-5-5.5—4-5 -3-.5,-2-.5,—1-.5,0,+1-.5,+2-.5 +3-.5,+4-.5, +5-.5,+6-.5, }.
For this process it would take, on average, 36 steps of size A = .5 to reach the criterion
0. This is compared to the 9 steps, when assuming a step size of A = 1. However, if we
want to relate the expected number of steps to decision time, we have to adjust Eq.3 by

the time unit 7, i.e.,
(E(T|N), E(T|S)] =7+ |Z-(I-Q)™*-R|./[Pr(N), Pr(S)]. (4)

Figure 1 shows these ideas for A = 1; A = .5; and A = .25. For the A = .25 case we
have 4 small steps instead of one big step and within the original one time unit we have

16 subintervals of length 7 equal to 1/16.

IThis is only a convenient choice for which the variance of the process becomes ¢ for all values of T

shown below.
2Standard means that the probability of moving up or down is .5.
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Figure 1: Sample path for the random walk with step size A =1 (top); A = .5 (middle);
and A = .25(bottom).
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The simple random walk and the Wiener process seem to be very similar. Note however a
very important theoretical difference. The random walk moves one step up or down from
one time unit to the next with probability p and ¢ = 1 — p. The increment of the process
(a step up or down) from time unit n to n + 1 is the difference between two instances of
the process, i.e.,

Xn—l—l_Xn: n+1 TL:0,1,2,...

and the Z, are independent identically distributed with Pr{Z; = +1} = p and Pr{Z; =
+1} = ¢; and X, = 0. For p = ¢ it follows that F(Z;) = p — ¢ = 0 and there-
fore E(X,) = E(X,Z;) = nE(Z,). The variance Var(Z;) = 4pq = 1 and therefore
Var(X,) = nVar(Z,) = n.

For the approximation of standard Wiener process we take X/, = Zf/:q Z;. Since the
Z; are independent and identically distributed with Pr[Z; = +A] = Pr[Z; = =A] = .5
we get E(Z;) = 0 and Var(Z;) = A?. Therefore, the expected value is E(X;/;) = 0
and, with A = /7, the variance is Var(X,/,;) = (t/7)Var(Z,) = tA?/7 = t. If we let
7 — 0, then X;/; converges in distribution to a random variable W (¢) which we called
standard Wiener process. From the central limit theorem we know that W (¢) is normally
distributed.

Thus, for the standard Wiener process the increment (a very small step moving up or

down) in the small time interval (¢,¢+ 7) is
dW(t) =W(t+1)—-W(t), (5)

and W (t) is normally distributed with mean zero and variance t. The Wiener process
with drift is obtained with some algebraic operations on a standard Wiener process. The
random variable W (t) is multiplied by a constant, o, o > 0 and a linear function of time,

ut, is added, where p, can be positive, negative or zero, resulting in
V(t) = ut+oW(t), (6)
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or in difference equation form
dV(t)y=V(t+T1)—=V(t) = pr + cdW(1). (7)

V(t) is normally distributed with mean pt and variance o?t.

The Wiener process with drift is related to the more interesting cases when p # ¢ # .5.
We show next how we determine the choice probabilities and choice response time for this
situation. To do so we first have to define two functions more precisely.

The properties of an increment dX () = X (t+7) — X (¢) in a small time interval (¢,t+ 7)
may depend on the time ¢ and the value x of the process at the beginning of the small
time interval. Therefore, conditioned on X (t) = z, two functions are defined known as

infinitesimal mean yu(z,t) and infinitesimal variance o?(z,t).

a) The infinitesimal mean (or infinitesimal first moment or instantaneous mean or drift

coefficient) is defined as

(o, 1) = lim E[dX(t)| X (t) = x]

T—0 T

b) The infinitesimal variance (or infinitesimal second moment or instantaneous variance

or diffusion coefficient) is defined as

() = iy DX 1N =)
Note that u(z,t) and o%(z,t) are deterministic functions of z and ¢. Once the drift and
diffusion terms are specified, the transition probability density function can be determined
and all required information about the process is provided. These two coefficients are
quite important for modeling in psychological tasks, especially the drift coefficient u(x,t).
For example, higher intensity of a stimulus may provide more information about it than
weaker one and the amount of accumulated information needed to evoke a response may
reach the boundary sooner. Therefore, the drift coefficient of the process may be related

to stimulus intensity as we will see in more detail below.
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In particular, the drift and diffusion coefficients for the Wiener process are u(x,t) = p
and o?(z,t) = o2, respectively. Now, the transition probabilities p;;_; and p; ;.1 can be

written as functions of these coefficients (see Appendix). With /7 = A/o,

Pii-1 = % (1 - g\/7_'> ; (8)
Diji+1 = % (1 + gﬁ) : (9)

These transition probabilities determine the probability matrix in exact the same way as
we have already seen. For example, with ;o = 0, the probability is .5 to go either direction.
The sign of the drift coefficient determines the direction the process takes, on average.
For 1+ > 0 the process moves, on average, up. For p < 0 the process moves, on average, in
the opposite direction. For example, setting o and step size to one and y = —.2 yields for
pii—1 = .6 and for p; ;11 = .4, the transition probabilities for the introductory example.
The process stops and a response is initiated as soon as an absorbing state is reached.
In particular, ”signal”, or more general, alternative A is chosen as soon as V'(t) > 6 and

"noise”, or more general, alternative B is chosen as soon as V/(t) < —6.

4 Example Birth death process

We stay with our example for a moment. The person is trying to make a decision whether
a signal or noise trial is presented, based on the stimulus presented on a trial. However,
now suppose that no diagnostic information may be sampled from one moment to the
next, i.e., there is a positive probability that the process stays in the same state. Assume
that the probability for a signal response is .2; the probability for a noise response is .3;
and the probability for non diagnostic information is 1 — (.2 +.3) = .5. With the same

state space as before the transition probability matrix becomes
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state -3 -2 -1

(10)

c o o o o w
oo o o o w ot
o o o W vt v o
c W Ul v o o

Following the same procedure as before, the choice probabilities and conditional expecta-

tions for this example are

Initial distribution Pr(S) Pr(N) E(T|S) E(T|N)
Z=(00100) 23 77T 1629 16.29
Z=(00010) .39 .61 11.86 19.55

Z =(.05.10.70.10.05) .25 ) 14.51 15.54

This describes a simple random walk that never skips states in its evolution, i.e., a Markov
chain with state space S = {0,+1,+2,...} for which transitions from state n can only
move to state n+1 or to state n—1 or stay in the same state. It is called birth—death chain.
In addition let the time unit 7 between two steps decrease so that a step occurs within
the time interval (¢,¢ 4+ 7). As 7 approaches 0 the Markov chain with these properties is
called birth—death process. The state space can be seen as the size of a population, the
increase of the population size by one as birth and the decrease by one as death. The
time set is continuous as 7 approaches 0.

These ideas lead to a process that allows us to approximate a broad class of stochastic

process, called diffusion processes, of which the Wiener process is a special case.
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5 Ornstein—Uhlenbeck process (OUP)

The transition probabilities p;; of going from i to j for the birth-death chain are

(

o  ifj=i—1
B ¢ ifj=i+1

Dij =

\ 0 : otherwise.

The transition probabilities may depend on the state in which the process is located which
is an important property of the process we consider next.

Decreasing also the step size A for the birth-death chain with transition probabilities p;;
approximates a diffusion process X (¢) with drift coefficient p(z,t) and diffusion coefficient
o?(x,t) as A — 0. (See Convergence Theorem, e.g. Bhattacharya & Waymire, 1990,
p.387; Karlin & Taylor, 1981, p.169, and Appendix).

One of these processes that becomes increasingly interesting for cognitive science research
is the Ornstein-Uhlenbeck (OU) process, X (t),t > 0 with drift. The process, developed
in physics, assumes that the wvelocity of a particle is a stochastic process (rather than
its position as in the Wiener process). As we will see the OUP has properties that
are interesting for model building in psychology. For example, some properties account
for assumptions concerning leakage or decay in information accumulation (Busemeyer &
Townsend, 1992; Diederich, 1992, 1995; Smith, 1995; Usher & McClelland, 2001); primacy
and recency effects in memory (Busemeyer & Townsend, 1993); approach and avoidance
conflicts in decision making (Busemeyer & Townsend, 1993, Diederich, 2001).

In a small time interval the change in velocity of information accumulation is assumed
to be influenced by two factors: the specific tasks with its cognitive interpretation which
slows down the motion and some random fluctuation due to new information. Assuming

that the damping effect is direct proportional to the velocity, leads to the equation
X(t+7) = 1=—m)XH)+V(t+71)
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= 70+ (1 —7y)X({t) + oW (t+ 7). (11)
or in difference equation form

dX(t) = X(t+7) - X(t) = —mX (&) +V(t+7)

= 70 — 7y X(t) +oW(t+ 7). (12)

W (t) refers to the standard Wiener process (Eq.5) and V(¢) to the Wiener process with
drift 6 and diffusion coefficient o2 (Eq.6), as we discussed above. X (t) is normally dis-
tributed with mean %(1—6*”) and variance %(1—6*27'5). The drift coefficient of the OUP
(more precisely the OUP with drift for § # 0) is p(z,t) = d — yx. One part of it, —vyz, is
proportional to the value x of the process and the other part of the drift, §, is a constant.
As before § determines the direction of the process’ motion and —vyx causes the decay of
the process depending on the state x in the state space. For example, for v > 0 it causes
the process to take longer to reach a preset criterion because the increments decrease with
increasing position in the state space, i.e. in a sense it slows down the process. This is
applicable for modeling inhibition; or ”leaking of information” assumption; or avoidance
behavior. For v < 0, it takes less time for the process to reach a preset criterion since
the increments increase with increasing position in the state space. This is applicable for
"the winner takes all” assumption; to model facilitation effects or speeded responses in
approach conflict situations. However, the process might become unstable and strictly
speaking, it is not called OUP for v < 0.

Figure2 shows three sample paths (trajectories) of the standard Wiener process (u = 0);
the Wiener process with drift © = .2; the OUP with § = .2 and v = .005; and the OUP
with § = .2 and v = —.01. The time units (x-axis) are ¢t = n - .1 for all four figures. The

solid lines are the respective drift rates.
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Figure 2: Three sample paths (trajectories) and drift rate (solid line) of the standard
Wiener process (upper left); the Wiener process with drift (upper right); the OUP with
v > 0 (lower left); and the OUP with v < 0 (lower right).

19



The process stops and a response is initiated as soon as an absorbing state is reached.
In particular, alternative A is chosen as soon as X (¢) > 6 and alternative B is chosen as
soon as X (t) < 6.

We mentioned that once the drift and diffusion terms are specified, the transition proba-
bility density function can be determined and all required information about the process
is provided. The drift and diffusion coefficients for the OUP are u(z,t) = § — vz and
o?(x,t) = o, respectively. The transition probabilities p;;_1, pi;, and p; ;1 can be written
as functions of these coefficients exactly as we have done before (see also Appendix).
Again, we start with defining the state space of the process, S, which consists of all
states of information (states of activation, states of preference). We assume that these
entities change by very small steps of size A > 0. The information accumulation process
is bounded by 6 and —#, the criteria to initiate a response for A and B, respectively.
Setting (f = kA) and (—0 = —kA) the state spaces can be expressed as a function of the

step size A and the criteria, i.e.,
S={-kA, —(k—1)A,...,=2A, —=A, 0, A, 2A, ..., (k= 1A, kA}.

The total number of states in S is m = 2 -k + 1 or, equivalently, m = 2-60/A + 1. For

convenience the states are indexed by i = 1,..., m according to magnitude, i.e.,
S= {-kA, —(k-1A4A, ..., =A, 0 A, oo, (E=1DA, kA}
1 2 (m—1)/2 oo om—1 m

As before, the transition probabilities for the m states of the Markov chain are arranged
in an m X m transition probability matrix P, with elements p;; = 1 and p,,,, = 1 and,

for 1< i < m,

(L (1 uekaimn) T) Cifj—i=—1
1 p(—kA+(i—1)A) kAJrz HA o ep - -
—(1+ T)  ifj—i1=+1
piy=1 ( ? o (13)
1 —piio1— pi,i+1:1—g if j =1
0 : otherwise,
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and with p(z) = — -« for the OUP

pl:]:

ifj—i=-1
if7—7=4+1
/ (14)
if =14
otherwise.

Here A is set to A = ao\/T. The parameter, a > 1, is a free parameter and is chosen to

improve the approximation to a continuous time process. It has no effect on the choice

probabilities.

The transition probability matrix P =|| p;; || is presented in its canonical form:

P;| 0
R |Q

I N

m— 3
m — 2

m—1

1 m 2 3 m — 2 m— 1
1 0 0 0 0 0
0 1 0 0 0 0
P21 0 P22 D23 0 0
0 0 P32 P33 0 0
0 0 0 p4s 0 0
0 0 0 0 DPm—3,m—2 0
0 0 0 0 Pm—2,m—2 Pm—2m-1
0 Pm-im| O 0 Pm—1,m—2 Pm—1,m-1

The number of states in the state space determine the size of the transition matrix and

its submatrices. In particular, R is a matrix of size (m — 2) x 2 and Q is of size (m —

2) x (m — 2). With theses submatrices we proceed as we did before to determine the

probability for reaching a particular boundary (Eq.2) and the mean time to reach that

absorbing boundary (Eq.4). Note, that for v = 0 the OUP becomes the Wiener process
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with drift. The first passage time distribution for reaching the boundaries for alternatives

A and B can also be determined by using this approach, i.e.,

[Pr(T =t Nchoose B), Pr(T =t Nchoose A)]
[Pr(chooseB), Pr(chooseA)]
= ZQ"'R./Z(I- Q)"'R, (15)

[Pr(T =t|B), Pr(T =t|A)] =

where ¢ = nr. (The symbol ./ refers to dividing elementwise, see above. Q to the
nth power can be computed easily by decomposing the matrix into its eigenvectors and
eigenvalues shown in Appendix A.)

To summarize the steps to determine the choice probabilities, the mean decision times,

the probability distribution of decision times:
1. Define the process you want to use, e.g., Wiener, OUP.

2. Depending on your choice, the parameters for the drift and diffusion coefficients are
specified. For the Wiener process, these are p and o; for the OUP, they are 9,7, 0.
For most applications ¢ can be set to one since it is only a scaling factor and not

observable.

3. Set the decision criterion f establish the time constant 7 and, for the OUP, a.. This
gives you immediately the step size A and the matrix size m. (A = ao/T;m =

2-0/A+1)

4. With these parameters determine the transition probabilities and construct the tran-

sition probability matrix P.
5. Partition the matrix P; you only need R and Q.

6. Decide about the initial distribution, i.e., the probabilities at which states the pro-
cess starts. These probabilities are assigned to the vector Z. The length of Z is the

same as for the matrix Q.
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7. Calculate the choice probabilities (Eq.2), mean times (Eq.4) and distributions (Eq.15)

using the vector Z and the matrices Q and R.

7 and « are set depending on how good the approximation to the continuous time process
is desired. The parameters p (§ and v for he OUP), o and 6 can be estimated from the
data. Furthermore, depending of the choice of the initial distribution the parameters for
this distribution are also estimated. The minimum number of parameters for the Wiener
process is three (drift, boundary, starting point) and for the OUP four. If we assume
the special case of symmetric boundaries (no bias), i.e., the starting point is exactly
between the boundaries we can even reduce the number of parameters to two and three,
respectively.

We can extend these models to a broader frame which will be shown next.

6 Choice probability, mean response time, response
time distribution for stimuli with multiple attributes

In the following we consider stimuli that have more than one attribute the subject may
attend. It is assumed that for multiattribute stimuli a different information accumulation
process (subprocess) takes place for each attribute (or dimension) of the stimulus. There-
fore, the characteristics of the information accumulation process change during the time
course of processing. The change may be due to several reasons. For example: (1) The
subject switches attention from one attribute of the stimulus to the next during the course
of one trial. For example, in cued information tasks the subject’s attention switches from
the cue to the target. Or in categorization tasks, the attention switches from size to shape.
(2) The experimental setup is such that information about the stimulus changes during
one trial. For example, in trials with different stimulus onset times, light followed by a
tone, information is presented successively during one trial. (3) Attributes of the stimuli

differ with respect to their importance or salience for making a decision. Processing order
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may be related to these entities. For example, in decision experiments with consumer
goods as stimuli, the most salient attribute, price, is processed first.

Given the stimulus consists of several dimensions (the choice alternative has several at-
tributes) and given that each attribute triggers a different information accumulation pro-
cess, the question is how these single processes are combined to form one information
accumulation process. One plausible way of combining them is to assume that at a given
point in time, f, the process switches from one subprocess to the next. This is applicable
for situations in which stimuli are presented serially with different onset times (SOA).
This model is presented in the appendix. Another possibility how to combine different
attributes is by assuming ¢, to be a random variable. Here it will be assumed that ¢, is a
exponentially distributed random variable. For simplicity stimuli with just two attributes
(dimensions) are considered. The generalization to stimuli with more than two attributes
is straightforward.

In the following we assume that the switching point in time is a random variable. As-
suming an exponential distribution for ¢, amounts to postulate that at any point in time
the process may switch from one subprocess to the other subprocess with a particular
constant rate. In the context of psychological applications it may be thought of that
attention switches from one attribute to the next with a particular rate which we will be

refer to as the attention switching rate® Let \(ij) denote the switching parameter from

3To go a step further the probability of switching from one attribute to the next at any point in time
may be related to the time an attribute has been processed. That is, the longer an attributed is already
processed the more likely it is that attention switches to the next attribute. In this case, t, has an
increasing hazard rate. Finally, attention may switch back and forth between the attributes, for example,
from 1 to 2 back to 1 and so forth. Formally, these ideas may also be realized by assuming a renewal
process for the switching times. A renewal (counting) process N (t),¢ > 0 is a nonnegative integer—valued
stochastic process that registers the successive occurrences for an event during the time interval (0, ],
where the time duration between consecutive events or renewals are positive, independent, identically
distributed random variables (Karlin & Taylor, 1975, p.167). The renewals are the attention switches to

another attribute and the time spent within one attribute may have an increasing hazard rate function.
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subprocess i to subprocess j. Notice that assuming an exponential distribution A(ij) is
simply the rate parameter of the exponential variable. The smaller A(ij) is the less likely
it is to switch to subprocess 7 but remaining in subprocess 7. Note, that the process allows
rapid switching between subprocesses.

Let A(12) be the probability of switching from subprocess 1 to attribute 2, e.g., for chang-
ing attention from attribute A to attribute B be and, accordingly, A(21) be the probability
of switching from subprocess 2 to subprocess 1. A(i7) denotes the probability of remaining
at subprocess i, i = 1,2, and is determined as A(ii) = 1 — A(ij) with j = 1,2 and i # j.
Define P(;) and P(,) as the defective transition probability matrices* for the attributes 1

and 2, respectively. That is, for m states

1 2 e m—1 m

1 1 0 e 0 0

o 1
m—1 0 0 co A Pmetme1 A Pm—1m

m 0 0 .- 0 1

(16)

with i = 1,2 for subprocess (attribute) 1 and 2.
Next define the matrix containing the probabilities A(ij) for switching from attribute i to

attribute j as

For the case of attention switching back and forth case an alternating renewal process may be involved.
4The rows of Pz‘l) and P&) do not add to one and therefore, they are not proper probability matrices.
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1 o 0 0 0

- > |0 AGj) - 0 0
AGij)= | . . (17)

m—110 0 - Aij) 0

m |0 0 - 0 0

With these matrices the following matrix is constructed

P’ A(12
A(21) Pl
which can be rearranged in its canonical form as we have done before, i.e.,
P;| 0
R | Q

Note that P is now a 2m x 2m matrix, double the size as we had before. Thus

P =

Q- A1D)Q,  A12)I | 19)
AN A(11)Q,

is a 2(m — 2) x 2(m — 2) matrix and contains the weighted transition probabilities for the
non—absorbing states and the probabilities for switching to another attribute.

Note that the first column of R is associated with choosing alternative B, the second
column with choosing A. For convenience we label these vectors as R4 and Rp, respec-
tively. To keep it simpler we show how to calculate the quantities for choosing a particular

alternative, say, A. The calculations for B are analogous.

A11)R A11)R
A(22)R 4, A(22)Rp,
are two 2(m — 2) x 1 vectors and contain the weighted transition probabilities from the

non—absorbing to the absorbing states for choosing A and B. Iis a (m — 2) x (m — 2)
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identity matrix. Finally we have to define the starting distribution Z for the information
accumulation process. That is Z is a 2(m — 2) vector representing the initial distribution
over all transient states at time ¢t = 0. For example, assuming no bias towards either
of the choice alternatives and furthermore, assuming that the information accumulation
process starts with the same probability for either of the two attributes, the vector Z
contains 0.5 at index number (m —3)/2+1 and (m — 2) + (m — 3)/2+ 1, for m being an
odd number.

The probability that the process reaches the boundary for choosing A at time ¢ with

t=nt,n=12...,00, 18
Pr[T = tNchoose A] = ZQ" 'R,. (21)
The probability that the process reaches the boundary for choosing A is

Pr[choose A] = Z i Q" 'Ra =Z(I- Q) 'Ry, (22)
n=1

where I is the identity matrix.

The first passage time distribution for reaching the A boundary is
Pr[T'=t|A] = Pr[T =tnchoose A]/Pr[choose A]
= ZQ" 'R4/Z(I- Q) 'Ry, (23)

witht=n7rand n=1,2,...,00.

The expected time for the entire process to reach the boundary for choosing A is
E[T | choose A] = 7Z(I — Q)_QRA/Pr[choose Al. (24)

As can be seen Eq. 22, Eq. 23, and Eq. 24 are exactly the same as we have seen
earlier, i.e.,Eq. 2, Eq. 4, and Eq. 15, respectively. The main question to determine
the probabilities and the mean decision times is to construct the appropriate transition
probability matrix and then simply use the equations regardless of what process you are

using. However, assuming two subprocesses doubles the size of the matrix Q which has to
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be inverted. Although this is not really a problem for today’s computer, there are matrix
operations that conveniently allow to write the inverse of Q in terms of the inverses of
the component matrices as shown in the Appendix.

The probability, the first passage time distribution, and the mean time of the process
for choosing B are determined by substituting vector R4 by vector Rp, containing the
probability from the transient to the absorbing state of the boundary for B.

The parameters for this model are the following. The boundary 6, the drifts for the first
and second subprocess, the parameter(s) for the switching, A(ij), and the parameters
for the initial distribution Z. For example, the minimum number of parameters for the
Wiener process, i.e., the process starts with probability 1 at a state that has equal distance
between the absorbing states (no bias) and the rate for switching from subprocess i to j
is the same as for switching from j to 4, i.e., A(ij) = A(ji), are 1) the drift rates p; and
po for the first and second process and 2) the boundary # and 3) the switching rate \.

7 Mean response time and response time distribu-
tion for simple response time tasks

Up to here we considered two alternative choice response time tasks and proposed a
model to account for choice probabilities, mean choice response times and response time
distributions. Consider now a simple response time paradigm in which a subject gives a
response as soon as a stimulus is detected.

As before we assume that as soon as a stimulus is presented to the subject a mechanism
stochastically accumulates very small amounts of information continuously over time until
the criterion is reached and a response is initiated. It is assume that the criterion is
set. by the subject prior to the stimulus presentation and does not change during the
accumulation process.

In contrast to choice response paradigms we only assume a single criterion where the
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process is absorbed. Further we assume that information never drops below its initial
level. That is, we assume that the process is reflected on its lower boundary. The state

space for this problem is therefore
S ={0,A,2A, ... kEA},

with § = kA and m = k + 1. Here kA is an absorbing state and 0 is a reflecting state.

The transition probability matrix (within the brackets) is accordingly

index 1 2 3 -+ m-=2 m—1 m
state 0 A 2A -+ (EF=2)A (k—1A kA

1 0 B pin pz O 0 0 0 |

2 A P21 P22 P23 0 0 0

3 2A 0 p32 ps33 0 0 0
m—2 (k—2)A 0 0 0 -+ Pm-o2m2 DPm—2m—1 0
m—1 (k—1)A 0 0 0 0 pmaim-2 Pm-im-1 Pm—im

m kA 0o 0 0 O 0 0 1

Note that there is no absorption at state 0. Further, if the processes reaches state 0 the
probability is nonzero to make a step A. That is meant by classifying 0 as a reflecting
state.

The transition probability matrix P =|| p;; || is presented in its canonical form:
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m 1 2 3 m — 2 m—1
m 1 0O 0 O 0 0
1 0 pii piz2 0O 0 0
2 0 D21 D22 D23 0 0
P;r| O
P = = 3 0 0 p32 P33 0 0
R | Q
m — 3 0 0 0 0 - Dms3mz2 0
m — 2 0 0 0 0 ot Pm—2m—2 Pm—2m-1
m—1 Pm—1,m 0 0 0 0 Pm—1m—2 Pm—1,m—1

With the matrix Q and the vector R we proceed as before, i.e, the first passage time

distribution for reaching the boundary with t = nr7, n=1,2,...,00, is

PriT =t =ZQ"'R. (25)
The expected time for the entire process to reach the boundary is

E[T) = 7Z(I - Q)~’R. (26)

Note that the first passage time distribution and the expected value are not conditioned on
a choice anymore since we only have one absorbing state, i.e., one response in the simple
response time paradigm. The vector Z is the initial state or initial distribution. For
example, assuming that the process starts accumulation information only when a signal
is presented it is reasonable to assume that Z has a 1 at index 1 and zeros otherwise.

Again, this process can also be extended to multiattribute choice alternatives in a straight-
forward way. Simply change one absorbing state to a reflecting state and proceed as

before.
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8 Three choice alternatives

Here we develop the ternary choice model for the optional stopping time task. Before we
do this consider Eq. 11 again, i.e., the information accumulation process for two choice

alternatives was described by the diffusion process
X(t+7n)=0=-79)X@H)+V(t+7) (27)

for 7 — 0. The process stops and a response for A is initiated as soon as X(t) > 6
and a response for B is initiated as soon as X (¢) < —f. This assumption, however, is
equivalent to the following. Assume that the accumulation process is represented by a

two—dimensional diffusion process of the form

Xi(t+7)=[1—=7y)X1(t) — 79Xa(t)] + Vi(t + 7) (28)
for choosing A and

Xo(t+7) = [-1m%X1(t) + (1 — 771) Xa(t)] + Va(t + 7) (29)

for choosing B.

Writing these equations in matrix form we get

Xi(t+ 1) _ (1—7v) —TY - X1(¢) N Vi(t+ 1)
Xo(t+ 1) —T9 (1—7v) X, (t) Vot + 1)
X(t+71) = I—70]-X(t)+V(t+T1) (30)

where I is the identity matrix and I' the matrix containing the 7’s. The diagonal elements
of [I — 7T provide memory for previous states of the system. The off-diagonal values
allow for competitive interactions among competing alternatives.

Note that if X;(0) + X5(0) = 0 then X;(t) = X3(¢t) = 0 <= X;(t) = —X,(¢) for all ¢,
and therefore the processes in Eq. 28 and Eq. 29 are represented by the single process in

Eq. 27 with v = (75 — 7).
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For a choice from a set {A, B,C} let us first assume three processes, one for each choice

alternative, similar to Eq. 30. The change in evidence within the interval (¢,¢ 4 7) is
dX(t) =X(t+71) — X(t) = =mT()X(t) + V(t + 1)
The moments of the change in evidence are given by

01 — (mx1 + Y2x2 + Y323)
EldX(t)[X(t) =x] =7u(x) =7(0 =Tx) =7 | 6 — (vaz1 + 1572 + Y673) (31)
03 — (y7m1 + Y82 + Yox3)

and

o % O12 013
Covl[dX(t)|X(t) =x] =78 =7 | 09y 02 093 (32)
031 032 U§
If we restrict the matrix T' to the following: 1) The elements in the diagonal are the same;

2) The matrix is symmetric; 3) The columns sum up to the same constant, i.e.;

Yo Y2 V2
F=|vm 7 %
Y2 Y2 N

and if we assume that X;(0) + X2(0) + X3(0) = 0, then X3(¢) = —[X;(¢) + X2(¢)]. In this
case, option A is chosen as soon as X;(t) > €, option B is chosen as soon as X, (t) > 6, and
option C is chosen as soon as X3(t) = —[X;(¢) + X3(t)] > 6. Thus, the diffusion process is
restricted to a two - dimensional simplex (triangular plane). The following developments
are limited to diffusions on this simplex. Markov chains can be used to approximate
multidimensional diffusion processes (see Stroock & Varadhan, 1979, Theorem 11.2.3). In
the case of the diffusion on the simplex, we approximate the stochastic change in evidence
dX(t) by a random increment, [dX;(t),dXy(t),dX3(t)]. On each step, we assume that
these three increments sum to zero, so that only the first two coordinates need to be

included in the model. Each coordinate, dX;(t), is a small positive step A = ao/T or a
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small negative step —A = —ao\/T, or zero; and we set o = \/(a% + 02 +02)/2 (i.e.,the
diffusion coefficients for X;(t), X5(t), and X3(¢)), and we require « > 1. The state space
of the Markov chain is defined by a set of equally spaced discrete states that form a grid

of points on the simplex (shown in Figure 3:

S = {[iA AL (i = —(k+ 7)o k), (= —2k, —(2k — 1), ..., —1,0,1,...,k)}

_2k L

-2k k

Figure 3: The state space S of the Markov chain is defined by a set of equally spaced

discrete states that form a grid of points on the simplex.

The total number of states is therefore m = (3k +2)(3k + 1)/2. The threshold bound for
option A is defined by the right vertical line of points [ = kA, jA] for j = —2k, —(2k —
1)...,k; the threshold bound for option B is defined by the top horizontal line of points
[iA,0 = kEA] for i = =2k, —(2k—1) ..., k; and the threshold bound for option C is defined
by the negative diagonal line of points [iA, —(k + ¢)A] for i = =2k, —(2k — 1) ..., k. The
remaining ((3k + 1) — 3)((3k + 1) — 2)/2 states represent transient states. The transition
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probabilities for the transient states are symbolized as

Pr(dX,(t) = +A,dX,(t) = —A | X(t) = x| =py (%),
Pr(dX,(t) =0,dX5(t) = +A | X(t) = x] = po+(x),
PridX;(t) = 0,dXs(t) = —A|X(t) = x] = po—(x),

and we define poo(x) = 1 = [pro(x) + pi_(x) + Pos (x) + po_ (X) + p_o(x) + p_4 ()] as
the probability of no change in state. Note that we assume p,(x) = p__(x) = 0,
that is no simultaneous changes in the same direction. The transition probabilities are
defined by equating the moments of the discrete and continuous state processes shown in
the appendix. Solving the equations yields the transition probabilities for each transient

state:

pro(x) = 7 (“;(AX) + 2% + %) + 8 (33)
pe-(x) = T3 - (34)
pix) = T (";(AX) +%) -8 (35)
po (x) = -1 (“;(AX) - 2"—22 - %) + (36)
pat) = —r (40~ %) - (37
p-+(x) = B (38)

The parameter [ reflects indeterminacy in this linear system of equations. Any value of
£ will reproduce the moments of the continuous state model. The only constraints on (3

are that g > 0, it yields transition probabilities between zero and one, and the transition
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probabilities sum to less than or equal to one (thus allowing for pyo(x) > 0). Constraints
produced by the moments of the third coordinate do not provide linearly independent
equations. The solutions for p_ (x) and ,;_(x) require 09, < 0, which will generally be
true as a consequence of the fact the evidence sum to zero. The transition probabilities
defined in Eq. 33 to 38 are then inserted into the Markov chain model to approximate
the continuous state diffusion process.

Consider the following example. With k£ = 3 we have m = (3k + 2)(3k + 1)/2 = 55 states

that are arranged as a grid of points on a simplex in the following way:
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-6 -5 -4 -3 -2 -1 0 1 2 3
3/1CB B B B B B B B B B|A
2 C 22 23 24 25 26 27 28 A
1 C 16 17 18 19 20 21 A
0 Cc 11 12 13 14 15 A

-1 C 7 8 9 10 A
=) C 4 5 6 A
-3 c 2 3 A
—4 C 1 A
-5 C A
o C|A

Analogous to the binary choice problem, the transition probabilities defined in Eq. 33
to Eq. 38 are arranged into four matrices: the first is a (3k +1 — 3)(3k + 1 — 2)/2 x
(3k 4+ 1 —3)(3k + 1 — 2)/2 matrix Q containing the probabilities of transiting from one

transient state to another. For our example with £ = 3 we have a 28 x 28 matrix (first

index: right(+)/left(—); second index: up(+)/down(—)), i.e.,
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1 2 3 4 5) 6 24 25 26 27 28
1 poo oy por O O 0 0 0 0 0 o0
2 | ps— Do P+o P—+ Do+ Pi+ o o0 o0 0 0
3 | po- P-o Poo 0 p+ Dot 0 0 0 0 0
410 po 0 po puo O 0 0 0 0 0
51 0 po- Ppi— P-0o Poo P+o o 0 0 0 0

Q= 6| 0 p-— p- 0 poo Poo o o0 0 0 0 (39)

241 0 0 0 0 0 0 Poo P+o O 0 0
25| 0 0 0 0 0 0 P—o Poo P+o O 0
26| 0 0 0 0 0 0 0 po P pPio O
27| 0 0 0 0 0 0 0 0 po Do DPio
281 0 0 0 0 0 0 0 0 0 p_o Poo

The second is a (3k —2)(3k —1)/2 x 1 vector R4 containing the probabilities of transiting

from a transient state to an absorbing state for option A; the third isa (3k—2)(3k—1)/2x1

vector Rp containing the probabilities of transiting from a transient state to an absorbing

state for option B; and the fourth is a (3k — 2)(3k — 1)/2 x 1 vector R containing the

probabilities of transiting from a transient state to an absorbing state for option C. Let

Pa;,PB;, Do, denote the probabilities for entering the absorbing states for A, B, and C,

respectively from row . Then
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index

10

15

21

28

Pa,

PA,

PAg

PAyo

PAs

0

PAy,

0

PAss

index

21
22
23
24
25
26
27
28

PBy,
DBy
PByy
PBss
PBss
DBy

PBss

index

- W N

11

16

22

28

Ppc,
Pc,

bcy

pC’7

bcyy

Pcye

Pcy,

0
0

As before the Z vector contains the initial distribution and is of length (3k —2)(3k —1)/2

vector. The neutral starting position, for example, is determined by assigning a one at

index (2k — 1)(2k)/2 — (k — 1).

After making these assignments, Eq. 22 and Eq. 24 are used to calculate the choice

probabilities and mean decision times for each of the three options.

For example, let u; = .5 and pp = .3. (uz = — (1 + po)

Y =

—2
—2

4 =2
4
-2

-2
-2
4

—.8) and the covariance matrix

Set 7 = .01 and o = 1. Thus the step size becomes A = a\/(a% + 034 03)/2T1 =
1-4/3-4/2-.01. Inserting these values in Eq. 38 and further assuming that p, =
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p_+ and pyy = 0 yields the transition probabilities p.o = .1769, p, = .1667, poy =
1728, po— = .1605, p_¢ = .1565, p_, = .1667. With these probabilities the respective
matrices are constructed. Let the process start at a neutral position, i.e., Zi3 = 1.
Then Pr(A) = .3636; Pr(B) = .3508; and Pr(C) = .2856. The expected times are
E(T|A) =.0897; E(T|B) = .0897; and E(T|C) = .0897.

9 Concluding remarks

Diffusion processes are very powerful approaches to model human information processing
in a variety of psychological tasks. We believe that lack of mathematical tractability has
prevented broad applications of these models to empirical data. We hope that this tutorial
helps to spread this approach by showing how to construct models, how to implement
them on a computer, and how to calculate predictions made by these models.

A few words about why we chose the Markov chain approximation approach. As we
mentioned above that once the drift and diffusion coefficient are specified, all the infor-
mation about the process can be determined via the transition probability density func-
tion. Traditionally the transition probability density function can be found by solving
partial differential equations known as forward equation (Fokker—Planck equation) and
backward equation (Chapman—Kolmogorov equation). We did not elaborate on these
equations since the major concern of this tutorial was just to avoid them and not to
scare users away. Instead we used the discrete state and time transition probabilities as
approximations to the continuous transition densities. We only include basic mathemat-
ics in the tutorial. Second, for processes with boundaries, which are of special interest
for psychologist often no closed solutions are available when trying to solve partial dif-
ferential equations. Third, any type of simulation of continuous time processes usually
requires digital computers. That means all calculations are carried out discretely. Thus,
the difference between continuous time and space models and the matrix approach is no

longer valid. Fourth, following the discussion of Thompson (2000), differential-integral-
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difference equation type of formulations are an invention of the nineteenth and early
twentieth century in lack of powerful computers. Researchers had to content themselves

with these formulations as means for summary information about the effect of trillions of

gas molecules.
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11 Appendix A: Definition

11.1 Stochastic process

Given an index set I, a stochastic process indexed by I is a collection of random variables
{X, : X € I'} on a probability space taking values in a set S, the state space of the process.
The state space in this context contains possible information states of the process and
may be discrete or continuous. The index set or parameter set, often also called time
space, contains the indices for which the process is defined. Again, the index set may be
discrete or continuous. For example, information may be accumulated at discrete points

in time or continuously over time.

11.2 Transition probability matrix

A transition probability matriz is a square matrix P = ((p;;), where ¢ and j vary over a
finite enumerable set S, satisfying p;; > 0 for all 7 and j and 3 ,cgp;; = 1 for all . The

set. S is called the state space and its elements are states.

11.3 Approximation of the diffusion process

Suppose there are two real-valued functions p(x) and 0?(x) on (—oo, 00) that are continu-
ously differentiable and that ¢ exists and is continuous, and that o%(z) > 0 for all z. Also
assume that p(z) and o?(z) are bounded. Consider now a birth-death chain with state
space S = {0, £A, £2A, ...} with step size A > 0 and having transition probabilities p;;
of going from 7A to jA in one step given by

a?(iA)T IA)T
Diji—1 = Oéz(A) = (i2) _M( )

2A?2 2A
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@) (AT p(iA)T

Piit1 = B = oAz T oA
O'2 IA)T A A
pi = 1-— (AQ) =1-al® - g
where 7 is given by
A2
" sup, 02(x)

and be the actual time in between two successive transitions. With the conditions imposed
on p(x) and o*(z) a sufficiently small A guarantees the nonnegativity of the transition
probabilities p;;, pii—1, Piit1- (See Bhattacharya & Waymire, 1990, p. 386)

Given that the process is at x = 1A, the mean displacement in a single step of size A in
time 7 is

ABB 4 (=A™ = p(id)T = p(x)r. (41)

2

Therefore, the instantaneous rate of mean displacement per unit time, when the process

is at x, is p(x). The mean squared displacement in a single step of size A in time 7 is

A2 4 (=A)2a® = o*(A)7 = o*(2)r. (42)

)

That is, the instantaneous rate of mean squared displacement per unit time, when the
process is at x, is 0?(z).
Hence, the transition probabilities p; ;_1 and p; ;11 can be written as functions of the drift

and diffusion coefficient y(z) and o?(x), respectively. With A% = 702 (z)

Pijr1 = % (1 + %ﬁ) : (44)

Thus, the birth-death chain with transition probabilities p;; approximates the diffusion
process with drift coefficient u(z) and diffusion coefficient o%(z) as A — 0. (See Con-
vergence Theorem, e.g. Bhattacharya & Waymire, 1990, p.387; Karlin & Taylor, 1981,
p.169.)
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To see how a differential equation can be expressed by a difference equation let pz(?) be the

n-step transition probabilities going from ¢ to j. By definition p” = res pzkpzk , n=
2,3,... and S is the state space. Therefore, with p; = 1 — BZ-(A) — agA), we get for the
birth—death process
n+1 n n n
pz(j+ )= piipz(j) + pi,i+1pz(+)1,j + Di iflpz(—)l,j
+1 A
pg;l ) = (1 - 51( - O[z( ))pz] + 5 pz-l—lz + CY( )pg )11

or
n+1 n A n n A n n

L (T O I U)

2A
1o2(iA)T
5 A2 (pg-l—)l NI 2p£]) + pg )1,])

With ¢ = n7 and states + = tA and y = jA and A — 0, defining as approximate density
Py

(B (i iA) =
pO(nrsin, ja) =2,

we get
P ((n+ 1A, jA) = p® (nr3iA, jA))
= u(iA) (p™ (n7; (i + 1A, §A) = p™ (n7; (i = 1)A, jA)) 7/24
—o2(iA) (p(A)(TLT; (i + 1A, jA) = 20D (n75iA, jA)
& (07 (i = 1A, jA)) 7/A?

which is the difference equation version of the partial differential equation

2

9 plts0,1) = nla)ep(t 2.9) + 20 @) itz )

fort > 0,—0c0 < x,y < 0.

That is, the transition probability density p(¢;x,y) can be computed approximately by

determining the n—step transition probabilities p(n)

i; - This can be done by construction a

transition probability matrix and raising it to the nth power shown below.
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11.4 Decomposing Q

To raise Q to the nth power it is convenient to decompose @Q into its eigenvectors and
eigenvalues.

Proceed as follows:

1. Determine the eigenvalues and eigenvectors of Q, a k x k£ matrix, by using a math
program, e.g., MATLAB with [X,v] = eig(Q). The program solves the determinant
equation [vI — Q| = 0 to get the v eigenvalues v and solves QX = vX to get the k
eigenvectors of length &, i.e., X = ||Xy, X, ..., Xk]|-

2. Determine the inverse of X, i.e., X! e.g., invX= inv(X).

3. Q" can be written as

where

4. Conveniently the MATLAB program gives already the eigenvalues in form of a

diagonal matrix. Thus

Q" = Xv."invX,

where .” means elementwise raising to the power.

11.5 Inverse of component matrices

For multiattribute stimuli, the size of the transition probability matrix is n times the
number of attributes. Since the matrix Q in Eq. 19 must be inverted it may be appropriate

to invert it componentwise. With F = (I - Q;)™ G = (I — Qy)™'; and H = (F —

48



A(12)G™") the inverse of the I- Q is

) H! ~A(12)H G
1-Q)'= (45)
—AQDGTH! (I+A(12)A(21)HIG™)

11.6 Transition probabilities for three alternative

The transition probabilities are defined by equating the moments of the discrete and

continuous state processes:

EldX, ()| X (1) = 2]/7 = [p4ox) + pr(2) = po(z) —p 1 (2)]A/T = pu (2),
EldXy(8)|X (1) = 2]/7 = [po+ (2) + p—+(2) = po— () — p+—(2)]A/T = pa(2),
VarldX,(t)|X (1) = 2]/7 = [p40(2) + ps—(2) + po(2) + p-1(2)]A?/7 — ()’ = o7},
VarldXy(t)|X (1) = «]/7 = [poy (2) + p—s (&) + po-(2) + p1—(2)]A?/7 — pa(2)°7 = 03,
)

Cov[dX;(t), dXo(t)|X (t) = 2] = —[p—+(z) + p+—(2)]A%/7 — 1 (2) 1o (2)7 = 021

As 7 — 0, then y;(z)pj(x)™ — 0, and so they can be ignored for small 7.
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12 Appendix B: Fixed ¢,

The simplest case how to combine different attributes is to assumes that at a particular
point in time attention switches from one attribute of the stimulus to the next and,
therefore, the information accumulation process for the first attribute transforms into an
information accumulation process for the second attribute at time t,. t, may have to be
estimated from the data or is determined by the experimental setup (e.g., SOA). That is,
the basic assumption proposed here is that attributes are processed serially. Each attribute
is considered for a certain amount of time and generates an information accumulation
process for making a decision. The subprocesses are concatenated sequentially over time.
As before we assume that as soon as the stimulus is presented, an information accumu-
lation process is initiated accumulating very small amounts of information in very small
time intervals. After some time ¢, new information is available, e.g., the subject has
switched attention to another attribute of the stimulus, or new information is externally
added. The information accumulation process may change, i.e., the second subprocess
(after ¢.) may have a different drift and/or diffusion coefficient than the first subprocess.
Therefore, the entire process may reach the boundary, on average, sooner, or later, or
may take an opposite direction towards the alternative boundary.

The entire process is considered piece wise up to time ¢, and then starting from there
with a new process, we determine the probability of the second part. Eq. 14 shows that
a different drift coefficient influences the Q and R matrices. Note, that the entire process
is not time-homogeneous any more, i.e., the process changes at time t,.

Some notion have to be introduced. Note that the first column of R is associated with
choosing alternative B, the second column with choosing A. For convenience we label
these vectors as R4 and Rp, respectively. To keep it simpler we show how to calculate
the quantities for choosing a particular alternative, say, A. The calculations for B are
analogous. Further, the subprocesses are indicated by 1,2. etc. Thus, the Q matrix for

the first subprocess is labeled Qq, for the second subprocess Q;. The R vector associated
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with choosing alternative A for the first process is labeled Ry,, the one for the second
process Ry,.

The probability that the process reaches the boundary for choosing A before time t,,
t, = mT, is

ni _
Pr[T <t,Nchoose A|=Z> Qi 'Ra,. (46)
i=1

Z contains the probability of the starting position of the process. Q; denotes the transition
probability matrix for non—absorbing (transient) states for the first part of the process up
to time ¢,. The vector R4, contains the transition probabilities from the transient states
to absorbing states for the first part of the process.

The probability that the process reaches the boundary for choosing A after time t, = ny7
is

Prit. < T Nchoose Al =ZQM S Qb ™*VR,,. (47)

i=ni1+1
ZQT' contains the defective initial distribution (that is, it does not add up to 1) for the

second part of the process. Qy and R 4, contain the respective probabilities for the second
part of the process.
The probability that the process reaches the boundary for choosing A is therefore
ny 00 .
Prichoose A] = Z> QI 'Ry, + ZQ7 > Q"R (48)
i=1 i=n1+1

The first passage time distribution for the A boundary is determined as

( ZQ!"'R.4,/Prchoose A] : fort =nr <t,=m,
n = 1,2,...,%1

Pr|T = t|choose A] = X
ZQ?IQ;F(HIJr )RAQ/PT[ChOOSG Al ¢ fort=n7 >t, =mr,

n=n+1,....

(49)

The mean time for the process to reach the boundary for choosing A is

ni ) o0 .
E[T | choose Al =7 |Z>_iQi 'Ry, + 2Q7" > iQ; "Ry, | /Prichoose A]. (50)

=1 i=ni1+1
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The probability, the first passage time distribution, and the mean time of the process
for choosing B are determined by substituting vector R by vector Rpg, containing the

probability from the transient to the absorbing state of the boundary for B.

13 Appendix C: Matlab Programs

In the following we use sparse matrices to run programs with large matrices. The MAT-
LAB command ”SPARSE” converts a matrix to sparse form by squeezing out any zeros

elements.

13.1 Simple random walk

clear;

% Simple Random walk

%criterion value

theta = 3;

%total number of states

m = 2 x theta + 1;

% Probabilities

p = .6;

q=1-p;

% Constructing the transition probability matrix
fore=1:m—2

=1+ 1;

j=li-1) i (i+D)
tm(i=1,7)=[p (1-@+q) 4

end

Q = sparse(tm(:,2:m — 1));

52



R = sparse([tm(:,1) tm(:,m)]);

% three different initial distribution
Z1=[00100];

Z2=[00010];

Z3 =[.05.1.7.1.05];

% Identity matrix

I = speye(m — 2);

% Choice probabities
PrBPrA=Z7Z1x(I—-Q)(-1)xR
% mean decision times

EtBEtA = (Z1% (I — Q) (~2) * R)./PrBPrA

13.2 OUP

% Ornstein-Uhlenbeck process for two choice alternatives
clear;

% model parameters

% criterion value

theta = 4;

% drift rate

delta = .2;

% decay

gamma = .01;

% diffusion coefficient

stgma = 1;

% parameters set to approximate continuous process
% continuous time adjustment

alpha = 1.5;
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% time unit

tau = .01;

% step size

Delta = alpha x sqrt(sigma) * sqrit(tau);

%total number of states

m = 2 x round(theta/ Delta) + 1;

Ystates — exclusive the two absorbing boundaries

r=—(m-1)/2:(m—-1)/2;

%transition probabilities

pl = 1/(2 x alpha) * (1 — (delta — gamma x x) * sqrt(tau)/sigma);
p2 = 1/(2 * alpha) x (1 + (delta — gamma x ) * sqrt(tau)/sigma);
p3 =1— (1/alpha) — 0 * z;

% constructing the transition probability matrix
fore=1:m—2

=1+ 1;

j=1=1) i (@+1)

tm(i —1,7) = [pl(i) p3(:) p2(i)];

end

Q = sparse(tm(:,2:m — 1));

R = sparse([tm(:,1) tm(:,m)]);

% initial distribution, here the process starts unbiased with probability 1
Z1 = zeros(1,m — 2);

Z1(1,(m —3)/2+4+1) = 1;

% Identity matrix
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I = speye(m — 2);

% Choice probabities
PrBPrA=Z1xinv(I — Q) * R
% mean decision times

EtBEtA = tau x (Z1 xinv(I — Q) xinv(Ig) * R)./PrBPrA
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